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CRITICAL COMBINATIONS OF LONGITUDINAL AND TRANSVERSE
DIRECT STFESS FOR AK INFINITELY LOMG FLAT PLATE WITH
EDGES ELASTICALLY RESTRAINED AGAINST ROTATION
By 3. B. Batdorf, Manuel Stein, and Charles Llbove

SUMMARY

i theoretical investigation was made of the buckling
of an Infinitely long flat plate with edges slastlcally
restralned azainst rotation under combinatlons of longl-

~ tudinel and trensverses direct stress. Interaction curves

are pressanted that glve the critical combinations of
stross for several different degrees cf claatic edge
restreint, including simple support and ccmplote flxity.
It wes found thet an eppreciable fraction of the critical
longitudinal stress may be applied to the plate wilthout
eny reduction in the transverse compressive stress
required for buckling.

INTRODUCTION

Because the skin of an airplane Iin flight 1s sub-
Jected to combinations of stress, attention has recently
been glven to the problem of plate buckling when more
than one stress is acting. The present paper 1s the
third of a series of papers analyzing the elastic buck-
ling, under the actlon of two stresses, of an infinitely
long flat plate with edges equally restralned against
rotation and fully supported. The two previous papers
are reference 1, which dsals with the interactlion of
shear and longltudinel dlrect stress, snd reference 2,
which deals with the intersction of shear and transverse
direct stress. The present paper desacribes the 1nter-
actlion of longltudinal and transverse dlrect stress.
These three loading comblnatlons are illustrated in
figure 1.
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Interaction curves that give the critical direct-
stress combinations for several different degrees of
elastic edge restreint, including simple support and
completes fixity, are presented for the case in which the
magnitude of the restraint is independent of the buckle
wave length. These curves are based on an exact solu-
tion of the differential equatlion of equilibrium, the
deteils of which are given in the appendix.

SYKBOLS

elastic modulus of plate material

o

W Poisson's ratio for plate materlel
t thiclmess of plate
b widthi of plate
a length of plate (a > b)
D flexural stlffness of plate per unit length
BtJ ’
12(1 - 2)
X lonzltudinel coordinate
v transverse coordinate
W normal dlsplacement of a point on buckled plate
from its undeflected positlon
A : kalf wave length of buckle
S, rotational stifiness of restraining nediwz along
edges of plave, mouent per quarter radian per
unit length
€ dimensionless elastic edge-restraint constant

(%)
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% applied uniform longitudinal compressive stress
O& applied unifofh transverse compressive stress-
Ny = Oxt
Ny = oyt o b2t
Kys ky dimensionle:s stress coeffilclents —;2——

X _I__
Yy ZD
Rx longltudinal dlrect-stress ratio; ratio of

longitudiral dlirect stress present to critical
stress 1n pure longltudinal compression

R transverss direct-stress ratio; ratio of trans-
verse dlrect stress present to criticel
gstress In pure transverse compression

RESTLTS AND DISCUSSION

The results of this investigation are given in the
form of nondlimensional interaction curves 1ln flgure 2.
Each point on these curves represents a critical combl-

nation of the stress coefflclents ky and ky for s

given elastic edge-restralnt constent ¢ at which an
infinltely long flat plate wlll buckle. The lnteraction
curves for plates with simply surrorted and clamped
edges are gilven in filgure 3 1n terms of stress ratlios
rather than stress coefficlents. The calculated data
used to plot the interactlon curves are given in table 1.

Applicabllity of the interactlon curves.- Critical
combinations o ongltudinal and transverse direct stress
for an infinltely long flat plate with edges elther
saimply supported or zlamped can be obtalned from the
interaction curves of figure 2. OCritical combinatlons
of dlrect stress for a plate with lntermediate elastilec
restraint agelnst edge rotatlon can also be obtalned
from figure 2 for those cases 1In which the stiffness of
the restralning medium 1is independent of buckle wave
length (€ = a constant). Such edge restraint is provided
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only by a medium in which rotatlon at one point does not
influsnce rotation at another point. Edge conditlions of
this type are not ordinarily encountered but might occur
when the restraint is furnished by & row of discrete
elements, suckh as coil springs or flexible clamps.
Because of the great variety of possible relationships
between edge restraint and wave lengtl:, only the curves
for edge restraint independent of wave length are shown.
If criticel stress comblnations for a plate with con-
tinuous edge restraint (€ dependent on wave length) are
desired, they can be computed ~ though somewhat labo-
riously - by the method outlined 1n the appendix, pro-
vided the relationshlp between edge restraint and wave
length is lmown. This relationship is derived in refer-
ence 3 for the special case of a sturdy stiffener, that
is, a stiffener which twlsts without cross~sectional
distortion.

The buckling stress for a flnite plate can never be
lower than theat for an infinite plate having the same
width and thickiness because the flnlte plate is strength-
ened by supnort alonz two additlioneal edges. The use of
figure 2 to estimute the oritical direct stresses for a
finite plate with edge rostreint independent of wave
length, thereforo, 1s in all cases conservative.

Vertical portions of interaction curves.- The
vertical portions of the Interaction curves (fig. 2)
indicate that a considerable amount of longitudinal com-~
pression may be applied to the plate without any reduc-
tion in the transverse compression required for buckling.
This result parallels the result of reference 2, in
which it was found tiat a considerable wiount of shear
stress could be applied to an infinitely long plate
without any reduction in the transverse comwression
neceasary to cause buckling. On the other hand, 1n ref-
erence 1 it was shown that the presence of shear always
reduces the longitudlinal compressive stress required to
produce buckles. This disparity in behavior is probably
attributabie to the character of the buckle forms for
the three types of stress. (See fig. lLi.) Tke buckle
form for shear alone (fig. li(a)) can be transformed con-
tinuously into that for longitudinal cowpression alone
(fig. L4(b)) by a gradual addition of compression and
subtraction of shear. Neither of these buckle forms,
however, can be continuously transformed Iinto the buckle
form for transverse compression alone (fig, L(c)).
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The vertical portions of the Interaction curves
extend indefinitely intc the tension reglon of k,. (For
convenlence, in fig. 2 the curves are stopped at a small
negative value of kyx.) This property of the curves
indicates that the presence of longitudinal tension has
no effect upon the transverse stress necessary to produce
buckling.

SUMMARY OF RESULTS

Interaction curves are presented from which critical
combinatlions of longitudinal and transverse direct stress
for an infinltely long flat plate with edges elther simply
supported or clamped can be obtained. Critical combl-
nations of direct stress Tor intermediate elastic
restraint against edge rotation can also be obtalned’
from the interaction curves for those casses in which the
stiffness ol the restraining medium is Independent of
buckle wave length. Ior cases in vhich tihe stif'ness of
the rastraining icdium depends upon the buckle wave length
and the relationship between the two is knovn, the critical
coitbinations of direct stress can be deterilned - though
somevwhat laboriously - by a method similar to that used
1n obtalning the interaction curves.

A considerable amount o loingitudinal compression
may be applied to an infinitely long fleat plate before
there is any reduction in the trunsverse compression
necessary to produce buckling,. The presence of longi-
tudinal tension has no effect upon the transverse stress
necessary to produce buckling.

The use of the Ilnteraction curvea to determnine the
critical stresses for a finlte plate with edge restraint
Independent of wave length is in «ll cases conservative.

Langley AMemorlal Aeronautical Laboratory
National Advisory Committee for Aeroneutics
Langley Field, Va.
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APPENDIX

BUCKLING OF INFIMITELY LONG PLATES
UNDIR TWQ DIRECT STRESTES

Differential egquatlon of equlllibrium.- The critical
combinations of longitudinal and transverse direct streas
tkhat willl caume huclklling in an infinitely long flat plate
with ecdre3 elaztlically restralned ageinst rotation can
ke obtalned by solving the differsntial eguatlion of equil-
librium. This equatlon, adapted from page 324 of refer-
ence 4, 1is

by ofw 4 %) 4 5 2% 4y %W = -
DILX + 2 — + &%} 4 ) + 1 =0 (Al)
dxt dx20ye oyt X 5x2 T ay°

where N, and HY are onesitive for compression. (The

coordinate system uscd is gilven in fig. 5.) Zquation (Al)
may be rewrltten and used Iin the followlng form:

4 4 4 2 .2 2 .2
0w, p 0w 0w, L ¥,y L &e-0p (i)
ox? 3x23v7% oyt b2 ox? Y p? 3R
where a
. o TF
X [
<D
and N
N [+
k =

Solution of differential equation.- If the plate

is infinitely long in the x=-directlon, all dlsplacements
are rerlodiec In x ard the hucllled surface 13 assumed to
have t:e form .

w = Y cos %? (AZ)
where Y 1s u function of y only and A 1ig the half
wave length of the buckle in the x-dlrectlon. Substitution
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of the expression for w glven in equation (A3) in
. .the differential equation %Az) yields the following

equation: -
ady _ on2 d2Y v, wd 7@ . aRy |
Sl AT T AT T hE Y gy gET o (4

Equation (A4) must be satisfled by Y if the assumed
deflection 18 to satisfy the differential equation (AR).

will be a solution of equation'(A4) when m 4is a root
of the characterlstlic equatlon

2 2 2 '
m4+<2%g—ky)n2m2+w4£g<%g-kx>=o (A6)

The roots of this equation are

my

ky 2%, 1. b2
"/_22 - 2+ -gv/kyz + 4 x-z(kx - ky)

k e
m2=-"/'2z fﬁ lﬁ‘yz""“'z(kx'ky)

(A7)
_ k be o
mg = gt - g - ’zky+4-z(kx-ky)
k e 1 o be
m4—-ﬂ‘/-g'i-g'z/ky +4F(kx-kY) ]
The complete solutlion of equation (A4) 1s therefore
imyy impy imzy imgy
Y=Pe P +Qe P +Re P + Se D (a8)

where P, Q, R, and 3 are constants to be determined
from the boundary conditions.
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The solutlon of the differential equation (AZ2)
can now be wrlitten

imyy imgy imzy im4y)
=\pe © 4+ Qe P cos

b b

w e + Re + Se %? (A9)

Stability criterion.- The boundary condltions that
must be satisfled by the solutlon of the differential
equation of equilibrium are

—~

(Y) b S o]
V=5
(Y) =0
y=-3
pa (A10)
o dBY\ = -45 (3
a_y-z/ b °\dy b
V=5 =5
D(i = 430(%5!>
E;z y=_g Yﬂy=_%

The first two condltions result from the requirsement of
zero deflection along the edges. The last two condl-
tions express the requlrement that the curvature at any
point along the edge of the plate be conslstent with the
traneverse bending moment at the polnt.

If the conditlions given in equations (AlO) are

imposed upon equation (A8), four linear homogeneous
equations In P, 3, R, &and S result. These equations are
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imy imo img img h
Pe 2 + Qe 2 + Re 2 + Se =0

\

-
- ey e

P3T+Q32 +R62 +'SGT=O
imy Ez_ imz img
mlzPe_E— + my%Qe 2+ mszRe_?_ + m4zs°_§—

imj Imo Imz _ EE& \ '
-isinPeT + széT + msReT +mSe 2 J=0 (A1)

-imq ~-imo ~imz ~imgy
mlzPe 2 4 m22Qe 2 + m52Re 2 4 m4236 2

+ le mlPe =0

-’

~imy -imp ~ima -img
+ sze + mzRe + mySe

where
_ 48,b
= —5—

In order for P, Q, R, and S to have values other
than zero, that 1s, 1n order for the plate to buckle,
the determinant formed by the coefficlents of P, Q, R,
and S 1n equations (All) must egqual zero.° The expansion
of thls determinant 1s given on page 13 of reference 5
for the case in which the roots of the characterlstic -
equation are of the form

-

-ng'- = ¥y * p
%2- =y =f
> (Al12)
%é = &y .+ ia
%4- = =¥ = ia ]
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In the present problem, the roots (equations (A7)) of
the characteristlic equation have the form of equa-~
tions(Al2), where

‘W
Y:O )

p—= /(—;Z -2) E/;y + 425 (ox - k) b (aam)

2
Y R o)

Substitution of ¥ = O in the stabllity criterion
given as equation (Al9) of reference 5 ylelds a
stablility criterion that 1s appllcable to the present
problem. This stabllity criterion is

[(aE + pa)a + 612 - ﬁz)ia] sinh 2¢ sin 23

2
- 2af f—. (oosh 2a ocos 2B - 1)

+ e{é(aa + R )oosh 2a sin 2p - p@z + p )sinh 2a oos 2p:} =0
' (ALL)

where a and @ are defined in equations (Al3). Any
combination of values kx, ky, b/A, and € that satisfies
equation (Al4) will cause the plate to be on the point

of buckling.

Inleraction curves for restraint independent of
wave Ténrin.- The procedure for plotting Interaction
curves 1s as follows: For a given value of €, _a value
of ky 18 chosen. Substitutlon of these values of ky

and € 1n equation (Al4) yields an equation in terms
of ky and b/A. A plot of ky against b/A is then

made. Every point on thls curve represents a combination
of k, and b/A that will maintaln neutral equilibrium

for the given value of € and the chosen value of ky.
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Since the plate will buckle at the lowest value of ky

"that will maintain neutral equillibrium, only the minimum

vaiue of k,. 1s taken .from the plot of ky . against bA.

Thils process 1s repeated for other assumed values of ky,
and each time a minimum value of k, 1s determined.

Finelly, the interaction turve of ky against the minimum
value of k, can be plotted for the glven value of «.

For the speclial casse 6f'a'plate with simply supported
edges (€ = 0), equation (Al4) 1s simplified to such an *
extent that the minimization of X, with respect to b/A

can readlly be done analytically. The equation of the inter-
action curve for e¢-= 0 can then be glven expllcitly as

ky = 2(? + V1 - ky> . (A18)

The plotting procedure Just discussed and the
analytical solution for the case of siumply supported
edges (equation (Alf)) give only the curved vortions of
the lnteraction curves. The concluslon that the vertical
portlions also represent critical stress comblinations and
are therefore properly a part of the lnteractlon curves
depends upon an argument analogous to that at the end of
apprendix B of reference 2. Thils argument 1s based on
the fact that the end point of the curved portlon of each
curve can be shown to represent a combination of stresses
for which the buckle wave length 1s infinite. When the
wave length 1s infinite, the longltudinal stress can do
no work during buckling. Accordingly, the transverse
stress requlred to produce buckling 1s the same asg it
would be 1n the absence of longitudinal compression.
Inasmuch as a reductlon in longitudinal compression tends
to Increase rather than to dimlnish the wave length, the
same argument epplles to all polnts on a vertlical line
below the end point of the curved portion of each curve.
For a given value of €, consequently, those critical
combinations of stress for which the buckle wave length
1s Infinite are defined by a straight line of constant

that starts at the end polnt of the curved portlon

and extends indefinitely into the tension reglon of kx.

This value of k 1s the value corresponding to Euler
strip buckling and 1s related to € by the equation
{adapted from.equation (A21) of reference 6)
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In reference 7, the problem of buckling of finite
plates under combined longltudinal and transverse direct
stresses 1s investigated. The results given in refer-
ence 7 further substantiate the existence of the vertlcal
portions of the interactlon curves, inasmuch as the
finite-plate interaction curves are seen to have portlons
that epproach vertlcal lines as the length-wildth ratio
of the plate increases. 1In figure € the interaction
curves for Infinitely long plates with simply supported
and clamped edges are compared with the curves, based
on the results of referernce 7, for similarly supported
plates with a length-wldth ratio of 4.

Interaction curves for restralnt dependent on wave

length.= InteractIon curves for a plate with edge restraint

ependent on the wave length of the buckles can be obtained
by a slight modification of the method outlined in the
preceding sectlion. This modification consists in computing
a new value of € +to be used with each new assumed value
of b/A;.no other changs 1s required. This method can
be applied only when the relaticnship between € and b/\
18 known. For the =special case of a sturdy stiffener,

the relationship of ¢ and b/\ 1g derived in refer-

ence 3.
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TABLE 1.- VALUES CF ky

WITH CORRESFONDING CRITICAL VALUES OF kx

1
€ =0 € =2 €=35 € = 10 € =
Ky Ky gy K, ky L | ky k ky K,
-~ 1

i 1 {o 0 o o

1.60 4 1.67 | 2.30 2.85 |4 4.00 |3
2,00 2.02 2.07 @.17 2.67

L [\ ~ -
.96 | 2.40 1.58 2.62 || 2.20 2,71 2.73 2.90 3.85 | 3.52
.83 | 2.G67 1.24 3.31 || 2.00 3.16 2.48 3.42 3.50 | 4.23
.75 | 3.00 1.03 3.62 || 1.71 3,62 2,13 2.92 3.00 | 4.85
.50 | 3.41 .82 3.86 || 1.14 4.24 1.42 4,60 2,00 | 5.73
.25 | 3.73 .41 4.26 .57 4,72 .70 5.15 1.00 | 6.41
0 4,00 |l -1.64 5.66 {|-2.28 6.36 o 5.60 0 6.98
-1.00 | 4.83 || -3.28 6.47 ||-4.56 7.33 |l-2.84 6.99 || -4.00 | 8.69
2,00 | 5.46 || ==ccme | mcmceoflemcana | mmeaaa -5.68 8.06-|| -8.00 |10.00
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(a) Loading combination treated in reference 1.
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(b) ILoading combination treated in reference 2. -
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{(¢) Loading combination treated in present paper.
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Filgure 1l.- Buckling of an infinitely long flat plate under
combined loads.
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Section A-A
(a) Buckle form for shear alone.
— e FNOdCS\ P
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Section B-B

(b) Buckle form for longitudinal compression alone.
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(¢) Buckle form for transverse compression alone,
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Pigure li.- Buckle forms for a simply supported, infinitely
long flat plate,
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Flgure 5.- Coordinéte system used in the present paper for
an infinitely long flat plate.
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Figure 6.- Comparison of interaction curves for infinitely

long plates and interaction curves for plates having
a length-width ratio of L,
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